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Abstract
We modify the standard relativistic dispersion relation in a way which breaks
Lorentz symmetry - the effect is predicted in a high-energy regime of some
modern theories of quantum gravity. We show that it is possible to realise
this scenario within the framework of Rainbow Gravity which introduces
two new energy-dependent functions f1(E) and f2(E) into the dispersion re-
lation. Additionally, we assume that the gravitational constant G and the
cosmological constant Λ also depend on energy E and introduce the scaling
function h(E) in order to express this dependence. For cosmological appli-
cations we specify the functions f1 and f2 in order to fit massless particles
which allows us to derive modified cosmological equations. Finally, by using
Hubble+SNIa+BAO(BOSS+Lyman α)+CMB data, we constrain the energy
scale ELV to be at least of the order of 10
16 GeV at 1σ which is the GUT scale
or even higher 1017 GeV at 3σ. Our claim is that this energy can be inter-
preted as the decoupling scale of massless particles from spacetime Lorentz
violating effects.
Keywords: , Lorentz Violation, Rainbow Gravity
1. Introduction
It is expected that any theory which aspires to bridge quantum theory
and gravity will need to include the Planck length `P =
√
~G/c3, where ~
is the reduced Planck constant, G is Newton’s gravitational constant, and
c is the speed of light. This characteristic length is derived by dimensional
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considerations of the constants which should appear in a regime where quan-
tum theory, relativity, and gravity all are significant. It is expected that the
Planck length is the minimum length which one can measure in a meaningful
way. Associated with the Planck length is the Planck energy EPl =
√
~c5/G,
which is simply the energy of a photon with de Broglie wavelength `P . The
concept of a minimum length lies at the heart of approaches to quantum grav-
ity such as string theory and loop quantum gravity, and has inspired a lot of
theoretical work [1, 2, 3, 4, 5, 6]. The idea of spacetime foam was put forth
in [7] and has inspired research since then. According to this idea, quantum
effects make spacetime nontrivial at small scales (the Planck scale), where
particle-antiparticle pairs are continuously created and annihilated, curving
spacetime at extremely small length- and time scales. This ”chaotic” picture
inspired the term ”spacetime foam”, or ”quantum foam”.
For some time the main approach to non-trivial spacetimes and Planck-
scale effects has been Lorentz violation scenarios, which have been widely
studied both theoretically and observationally. In this approach, Lorentz
invariance is assumed to be broken at high energies, which introduces high-
energy corrections to, for example, the dispersion relations of high-energy
particles of cosmological origin. In recent years, the Rainbow Gravity frame-
work [8] has been given a lot of attention. [9, 10, 11, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23]. This is a phenomenological approach based on Dou-
bly Special Relativity (DSR), where the spacetime metric includes energy-
dependent functions, and hence describes [24, 25] universes which evolve
depending on the energy of the probe particle. With the correct choice of
energy dependence, problems such as singularities may be avoided in Rain-
bow Gravity [10]. Exploring semiclassical or phenomenological theories of
quantum gravity is of vital importance to understand the low-energy quan-
tum gravitational regime and to reach an understanding of the underlying
fundamental framework.
It has been recently reported in [26] that the Rainbow framework is suit-
able for exploring scenarios with broken Lorentz symmetry [27, 28, 29, 30,
31, 32, 33, 34]. In the light of this, we present the following analysis which
will be concentrated on the determination of the Lorentz violation energy
scale for relativistic particles by the observational data from cosmology.
This paper is organised as follows. In Section 2 we briefly outline the for-
malism of Rainbow Gravity and Lorentz Invariance Violation (LIV) scenar-
ios. In Section 3 we describe the modified homogeneous Friedmann universe
in the Rainbow Gravity formalism. Section 4 is dedicated to a statistical data
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analysis carried out which allows to constrain some rainbow parameters. In
Section 5 we interpret our results and present some concluding remarks. Un-
less explicitly stated, c = ~ = 1, Greek indices µ, ν = 0, 1, 2, 3, Roman indices
i, j, k = 1, 2, 3, and the metric signature is (−,+,+,+).
2. Rainbow Gravity & Doubly Special Relativity
The key idea of Rainbow Gravity is the modification of the spacetime
metric to include energy dependent functions f1(E) and f2(E) [8], leading to
a modified dispersion relation for relativistic particles of the form:
− E2f 21 (E) + p2f 22 (E) = m20, (1)
and position-space invariant of the form:
ds2 = −(dx
0)2
f 21 (E)
+
(dxi)2
f 22 (E)
. (2)
where m0 is the rest mass of the particle. x
0 and xi are the time and space
coordinates, respectively. These functions are introduced by deforming the
Lorentz group to include the Planck energy as a second invariant, using the
formalism developed in Doubly Special Relativity (DSR) [8, 24, 25]. By
introducing the dilatation D = pµ(∂/∂pµ), which preserves rotations but
modifies boosts, the boost generators are deformed as follows:
Ki ≡ Li0 + lppiD ⇒ Ki = U−1Li0U, (3)
where lp is the Planck length and L
i
0 are the conventional generators of the
Lorentz group, Lµν = pµ(∂/∂p
ν)− pν(∂/∂pµ) [24]. U is a non-linear momen-
tum map. U in momentum space becomes:
Uµ(E, pi) = (U0, Ui) = (Ef1, pif2) . (4)
By demanding plane-wave solutions to free field theories, pµx
µ = p0x
0 +pix
i,
the momentum map in position space is given by:
Uα(x) =
(
U0, U i
)
=
(
t
f1
,
xi
f2
)
, (5)
which leads to the position space invariant (and hence the metric):
3
s2 = ηαβU
α(x)Uβ(x) = − t
2
f 21
+
(xi)2
f 22
⇒ gαβ(E) = diag
(−f−21 , f−22 , f−22 , f−22 ) ,
(6)
where ηαβ are the components of the Minkowski metric. In order to satisfy
the correspondence principle, it is necessary to introduce a constraint on f1
and f2, namely
lim
E→0
fk = 1, k = 1, 2 ⇒ lim
E→0
gµν(E) = ηµν , (7)
which restores Minkowski space in the low-energy limit [8]. In DSR, invari-
ants of the modified Lorentz group are accompanied by a singularity in the
momentum map U [24]. But in standard special relativity, the only energy
invariant is the infinite one. Hence, to introduce a new invariant in the
theory, the following relations must be fullfilled:
U(E˜) = E˜f1(E˜) =∞, (8)
where E˜ is some new invariant energy scale. This constraint, however, is not
used by all authors; phenomenologically motivated rainbow functions f1,2
which do not fulfill the criterium (8) can be found in [10, 1] among others.
The new metric gµν(E) defines a family of flat metrics parameterised by
the energy E. Hence probe particles see ”different universes”; they measure
different cosmological quantities and travel on different geodesics, but share
the same set of inertial frames [8].
In order to apply DSR to cosmology it is necessary to find the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric, as modified by Rainbow Grav-
ity. Here the following system of units is implied: dx0 = c0dt, c0 = 1, where
c0 is the low-energy limit of the energy-dependent speed of light, c(E) ∈ [1, 0].
Now, we need to modify the FLRW metric. The resulting expression is:
ds2 = − dt
2
f 21 (E)
+
a2(t)
f 22 (E)
γijdx
idxj, (9)
where γij represents the 3-metrics defined in Friedmann cosmology for the
three different spacetime geometries (K = 0,±1), and a(t) is the scale factor.
From the metric (9) we find the Einstein equations:
Gµν(E) = 8piG(E)Tµν(E) + gµν(E)Λ(E), (10)
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where all quantities now vary with energy. The tensorial quantities gain
their energy dependence from the rainbow functions contained in the metric,
whereas G(E) and Λ(E) get theirs from renormalisation group flow argu-
ments, as outlined in [8]. It is usually assumed that G and Λ have the same
energy-dependence: {
G(E) = h2(E)G0
Λ(E) = h2(E)Λ0
(11)
where the index 0 indicates the standard table value. The function h(E),
which we will now call the ’scaling function’ is constructed in such a way
that the standard constants G0, Λ0 are recovered in the limit E → 0. Such
form of the h-dependence for the gravitational and cosmological constants
allows the constancy of the vacuum energy density ρΛ = Λ0/8piG0.
3. Lorentz Invariance Violation in Rainbow Gravity
3.1. Lorentz Invariance Violation
Motivated by the notion of quantum foam coined by Wheeler [7], it has
been suggested in theories of quantum gravity that Lorentz symmetry breaks
down at high energies and short timescales [27, 1]. A common approach when
studying these effects from a phenomenological point of view is to assume
an effective modified dispersion relation, manifesting itself at high energies
[34, 35, 33]. In relation to that we consider a modified dispersion relation
which for massless particles (whom we study from now on) takes the form:
p2 = E2 → p2 = E2 [1 + f(E)] , (12)
A modified dispersion relation such as the one in Eq. (12) would lead to
highly energetic particles travelling slower or faster (depending on the quan-
tum gravitational model) than their low-energy counterparts. For studies on
Lorentz violation and possible observational tests, see [35, 36, 37, 38, 39, 40,
41, 27, 42].
In the framework of Lorentz Violation, it is often assumed that f(E)
in Eq. (12) can be expressed in a series expansion at low energies (E 
Ec) [34, 1, 43]:
f(E) = χ1
(
E
Ec
)1
+ χ2
(
E
Ec
)2
+O
[(
E
Ec
)3]
, (13)
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where Ec is the energy scale at which Lorentz violating effects become strong,
and the couplings χn = ±1 (n = 1, 2) are determined by the dynamical
framework being studied. It is also assumed that the effects of Lorentz vio-
lation enter in either a linear or a quadratic term, and thus the low-energy
approximation of f(E) can be written as [34]:
f(E) ≈ χn
(
E
Ec
)n
. (14)
The modified dispersion relation in the present scenario then reads as:
p2 ≈ E2
[
1 + χn
(
E
Ec
)n]
, (15)
which leads to a speed of light (or any other massless particle) [34]:
c(E) =
∂E
∂p
≈ 1− χn
(
E
Ec
)n
, E  Ec, (16)
which changes its value as in VSL theories [44, 45, 46, 47].
In quantum foam scenarios, the non-trivial features of spacetime at the
Planck-scale are expected to slow particle propagation, and hence we will
take χn = 1 from now on.
It is now important to make the connection between this framework and
Rainbow Gravity. In the latter, the invariant energy scale is the Planck
scale. This is the energy scale which all observers agree on, and hence we
identify Ec = EPl. Secondly, what we are ultimately interested in is the
minimum energy which is needed for a massless particle to be subject to
Lorentz violating effects. Hence, we will build a cosmological model in this
framework and constrain the energy E against data. Since no compelling
evidence for Lorentz violation has yet been presented, the energy scale for
Lorentz violation, ELV , must be larger than the energy E. Hence, the only
constraints we will be able to obtain will be lower limits.
3.2. Simple Lorentz Invariance Violating Cosmological Framework
It was recently reported in [26] that the Rainbow formalism is suitable for
describing Lorentz Violating scenarios [27, 28, 29, 30, 31, 32, 33, 34]. It was
shown that even though the Poisson bracket between the deformed boost
and the flat-space limit Hamiltonian vanishes, {N ,H} = 0, the Rainbow
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line element (6) is not invariant under the same boost. The authors of [26]
remark that this makes vector norms non-invariant and makes it impossible
to define local invariant observers, which makes it necessary to break Lorentz
invariance [26]. In the light of this, we present below a concatenation of
Lorentz violation phenomenology and the Rainbow formalism, and we show
that it is possible to combine the two in a consistent and logical way.
It is now possible to write down the Friedmann equation as follows [8]:(
a˙
a
)2
=
8piG(E)ρ
3f 21 (E)
− K
a2
[
f2(E)
f1(E)
]2
+
Λ(E)
3f 21 (E)
, (17)
and the acceleration equation becomes:
a¨
a
= −4piG(E)(3p+ ρ)
3f 21 (E)
+
Λ(E)
3f 21 (E)
. (18)
Combining Eq. (17) and Eq. (18) yields the conservation equation, which is
independent of the rainbow functions:
ρ˙ = 3
a˙
a
(ρ+ p). (19)
The fact that the conservation equation does not include extra energy de-
pendence from the rainbow functions is a clear advantage of this framework,
since it implies that there is no dissipation of energy. Comparing the Lorentz
Violation and Rainbow dispersion relations (12) and (1) and matching coef-
ficients, it is possible to identify the following:
f1(E) =
√
1 +
(
E
EPl
)n
, f2(E) = 1 (20)
From the dispersion relation (12) and the correspondence principle it is pos-
sible to extract that limE → 0, f(E) = 0, which means that the map U
satisfies Eq. (8).
In order to calculate any useful cosmological quantities, it is neccessary to
define h(E). There are several suggestions in the literature, and the following
two will be investigated. One suggestion comes from the field of varying
constants cosmology, where the running of physical constants is used to solve
cosmological issues such as singularities. In analogy with [48], we suggest
here that the evolution takes the following novel form:
G(E) =
(
1− E
EPl
)−1
G0. (21)
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Comparing (11) and (21), h(E) is found to be (we will denote the first case
h−):
h−(E) =
(
1− E
EPl
)−1/2
. (22)
Another suggestion for the form of h(E) can be found in [16], and in
analogy with this we suggest the following:
h+(E) =
√
1 +
(
E
EPl
)4
. (23)
Choosing to look at a matter dominated universe with cosmological con-
stant, ρ = ρm and Λ 6= 0, the following solution to Eq. (17) is found:
a(t) = a0
(
Ωm
ΩΛ
)1/3 [
sinh
3
2
√
ΩΛ
h±(E)
f1(E)
H0t
]2/3
, (24)
where a0 is the present day value of the scale factor. It is easy to see that (24)
takes the standard form when E → 0, so h±(E) → 0, which satisfies the
correspondence principle.
As an example, we show here the case of h−(E) = (1− E/EPl)−1/2. Using
the rainbow function (22) in (24), with n = 2, which in Lorentz violating
scenarios is referred to as quadratic Lorentz violation, the following result is
obtained: In Figure 1, the scale factors for the different probe energies clearly
separate after 2− 3 Gyr, and the rainbow in Rainbow Gravity can be clearly
seen. Linear Lorentz violation, n = 1 produces results which are difficult to
distinguish when plotted. This is rather counterintuitive, as one would expect
the less suppressed case (n = 1) to be more important phenomenologically.
The explanation to this lies in the function h−(E) which contains a minus
sign in the denominator. Because of this the ratio h−/f1 contains terms such
as
1− + − 2 = 1− 2
in the case for n = 1. (Here,  = E/EPl). The minus sign in h− causes this
cancellation. For n = 2, the corresponding term is 1− , when  1. Hence
h−/f1, and more importantly, its derivative, will always be smaller for n = 1
than n = 2. This accounts for the somewhat surprising behavior of Figure 1.
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Figure 1: The modified Friedmann scale factor for rainbow function 22 with n = 2 for
probe particles of different energies.
In the more general case, when all the contributions to the energy density
are taken into account, the Friedmann equation takes the following form:(
a˙
a
)2
=
8piG0
3
h2±(E)
f 21 (E)
ρc
[
Ωm
(a0
a
)3
+ Ωrad
(a0
a
)4
+ ΩΛ + Ωk
(a0
a
)2 1
h2±(E)
]
,
(25)
where
Ω{m,rad,Λ,k} =
ρ
ρc
=
8piG
3H20
ρ{m,rad,Λ,k}, (26)
are the energy density parameters (for matter, radiation, dark energy, and
curvature) as measured today and ρc is the conventional critical energy den-
sity, ρc = 3H
2
0/8piG. The extra factor on Ωk comes from the definition of the
curvature energy contribution:
h2±(E)
f 21 (E)
8piG
3
ρk = − K
a2f 21 (E)
(27)
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4. Constraints from Data
4.1. The method
In this section, the expression a˙/a is denoted H. In order to estimate the
magnitude of the energy E embedded in the rainbow functions f1(E), f2(E),
and h±(E), we used a large updated cosmological data set. The data used
includes; expansion rates of elliptical and lenticular galaxies, Type Ia Su-
pernovae, Baryon Acoustic Oscillations, Cosmic Microwave Background and
priors on the Hubble parameter. For simplicity, all expressions below are
expressed with zero spatial curvature (Ωk = 0). However, in the parameter
estimation data analysis, Ωk is left as a free parameter, and thus all equa-
tions extend to the more general case of [49]. Hence, we use the following
expression for the comoving distance:
DM(z) =

DH√
Ωk
sinh
(√
Ωk
DC(z)
DH
)
for Ωk > 0
DC(z) for Ωk = 0
DH√
|Ωk|
sin
(√|Ωk|DC(z)DH ) for Ωk < 0 ,
(28)
where DH = c0/H0 is the Hubble distance, DC(z) = DH
∫ z
0
dz′/E(z′) is the
line-of-sight comoving distance, and E(z) = H(z)/H0. Ωk is the dimen-
sionless curvature density parameter. Also, luminosity distance (DL(z)) and
angular diameter distance (DA(z)) are given by:
DL(z) = (1 + z)DM(z) , (29)
DA(z) =
DM(z)
1 + z
. (30)
4.1.1. Hubble data
For Hubble parameter data, we use the compilation from [50], estimated
from the evolution of elliptical and lenticular galaxies at redshifts 0 < z <
1.97. The expression for χ2H in this case reads as:
χ2H =
24∑
i=1
(H(zi,θ)−Hobs(zi))2
σ2H(zi)
, (31)
where θ is a vector containing the cosmological parameters (including E),
Hobs(zi) are the measured values of the Hubble constant and σH(zi) are the
corresponding observational errors. We will also add a prior obtained from
the Hubble constant in [51], H0 = 69.6± 0.7 km s−1 Mpc−1.
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4.1.2. Type Ia Supernovae
We used the JLA compilation (Joint Light-Curve Analysis) data for Type
Ia supernovae (SneIa) [52] at redshifts 0 < z < 1.39. In this case, the χ2SN is:
χ2SN = ∆µ · C−1SN · ∆µ , (32)
where ∆µ = µtheo − µobs is the difference between theoretical and observa-
tional values of the distance modulus µ. Here CSN is the total covariance
matrix. The distance modulus is defined as:
µ(z,θ) = 5 log10[DL(z,θ)]− αX1 + βC +MB . (33)
Here, X1 characterises the shape of the supernova light-curve, C is the colour,
and MB is a nuisance parameter [52], which together with the weighting
paramters α and β are included in θ. DL is the luminosity distance, which
is given by:
DL(z,θ) =
1 + z
H0
∫ z
0
dz′
E(z′,θ) . (34)
Here, and only in the Supernova analysis, do we specify H0 = 70 km/s
Mpc−1 [52].
4.1.3. Baryon Acoustic Oscillations
For Baryon Acoustic Oscillations (BAO), the total χ2 function is given
by:
χ2BAO = ∆FBAO · C−1BAO · ∆FBAO , (35)
where FBAO differs from survey to survey. In this case, we used the Wig-
gleZ Dark Energy Survey with redshifts z = {0.44, 0.6, 0.73} [53]. For our
purposes, the quantities to be considered are the acoustic parameter and the
Alcock-Paczynski distortion parameter. The acoustic parameter is defined
as follows:
A(z,θ) = 100
√
Ωm h2
DV (z,θ)
z
, (36)
and the Alcock-Paczynski parameter reads as:
F (z,θ) = (1 + z)DA(z,θ)H(z,θ) , (37)
where DA is the angular diameter distance, which is Eq. (30) in the case of
Ωk = 0:
DA(z,θ) =
1
H0
1
1 + z
∫ z
0
dz′
E(z′,θ) , (38)
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and DV is the geometric mean of the physical angular diameter distance DA
and the Hubble function H(z). It reads as:
DV (z,θ) =
[
(1 + z)2D2A(z,θ)
z
H(z,θ)
]1/3
. (39)
Included in the Baryon Acoustic Oscillation analysis is also data from
Sloan Digital Sky Survey (SDSS-III) Baryon Oscillation Spectroscopic Survey
(BOSS) DR12 [54]. It can be written as:
DM(z)
rmods (zd)
rs(zd)
and H(z)
rs(zd)
rmods (zd)
(40)
Here, rs(zd) represents the sound horizon at the dragging redshift zd. r
mod
s (zd)
is the same horizon, but evaluated for a given cosmological model. Here, it
is used that rmods (zd) = 147.78 Mpc as in [54]. A good approximation of the
sound horizon can be found in [55]:
zd =
1291(Ωm h
2)0.251
1 + 0.659(Ωm h2)0.828
[
1 + b1(Ωb h
2)b2
]
, (41)
where
b1 = 0.313(Ωm h
2)−0.419
[
1 + 0.607(Ωm h
2)0.6748
]
,
b2 = 0.238(Ωm h
2)0.223. (42)
The sound horizon rs can then be defined as:
rs(z,θ) =
∫ ∞
z
cs(z
′)
H(z′,θ)
dz′ , (43)
where the sound speed is given by:
cs(z) =
1√
3(1 +Rb (1 + z)−1)
, (44)
and
Rb = 31500Ωb h
2 (TCMB/2.7)
−4 , (45)
with TCMB = 2.726 K.
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To finish off the Baryon Acoustic Oscillation analysis, we also consid-
ered data from the Quasar-Lyman α Forest from Sloan Digital Sky Survey -
Baryon Oscillation Spectroscopic Survey DR11 [56]:
DA(z = 2.36)
rs(zd)
= 10.8± 0.4 , (46)
1
H(z = 2.36)rs(zd)
= 9.0± 0.3 . (47)
With these different contributions, the total χ2 for Baryon Acoustic Os-
cillations will be χ2BAO = χ
2
WiggleZ + χ
2
BOSS + χ
2
Lyman.
4.1.4. Cosmic Microwave Background
In this analysis, we write the χ2 for the Cosmic Microware Background
(CMB) in the following way:
χ2CMB = ∆FCMB · C−1CMB · ∆FCMB . (48)
Here, FCMB is a vector quantity given in [57], which summarises the in-
formation available in the full power spectrum of the Cosmic Microwave
Background, as presented in the 2015 Planck data release [58]. FCMB con-
tains the Cosmic Microwave Background shift parameters and the baryonic
density parameter. The shift parameters read as:
R(θ) ≡
√
ΩmH20r(z∗,θ)
la(θ) ≡ pi r(z∗,θ)
rs(z∗,θ)
, (49)
whereas the baryonic density parameter is simply Ωb h
2. As previously men-
tioned, rs is the comoving sound horizon at the photon-decoupling redshift
z∗, which is given by [59]:
z∗ = 1048
[
1 + 0.00124(Ωbh
2)−0.738
] (
1 + g1(Ωmh
2)g2
)
, (50)
with:
g1 =
0.0783(Ωbh
2)−0.238
1 + 39.5(Ωbh2)−0.763
, (51)
g2 =
0.560
1 + 21.1(Ωbh2)1.81
; (52)
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and r is the comoving distance:
r(z,θb) =
1
H0
∫ z
0
dz′
E(z′,θ)dz
′ . (53)
With all the abovementioned contributions to the total χ2, the function to
minimise finally reads as: χ2tot = χ
2
H0
+χ2H+χ
2
SN+χ
2
WiggleZ+χ
2
BOSS+χ
2
Lyman+
χ2CMB. Since the functions f1(E) and h(E) will be expressed explicitly, the
vector θ will be written as θ = {Ωm,Ωb,Ωk, h, α, β, E}.
We now want to find the set of parameters θ that best fit the data set, we
used a Markov-Chain Monte Carlo (MCMC) method, which was evaluated on
the CIS´ computer cluster. The parameters are completely unconstrained but
are given initial guesses, which speed up computation if they are chosen well.
For visualisation, the Python package corner was used [60]. During every
step in the computation, the MCMC method calculates the χ2 mentioned
above, and in the end returns the parameter set which minimised the χ2
function. This way, we are able to glean information about the posterior
probability distribution without knowing it explicitly.
4.2. Two specific choices of the scaling function h±(E)
The analysis described above was carried out for the two choices of the
function h±(E) in Eq. (22) and Eq. (23) and limits on E were derived for both
linear and quadratic Lorentz violation (n = 1, 2). The results are stated in
Table 1. In order to obtain these results, we employed an MCMC method, in
which we ran three chains of 105 steps each, to obtain bounds on the energy
E. These results are interpreted as follows; when constraining the energy E,
we have looked for the values of E which fit to our current understanding
of the Universe, through the data available. Since Lorentz violating effects
have not yet been observed, the energy scale ELV must lie outside of the
likely range for E. As such, we obtain lower limits on ELV using the figures
given in Table 1. The limits placed correspond to the Grand Unified Theory
(GUT) energy scale ELV ∼ 1016 GeV at the 1σ limit and are even higher
reaching ELV ∼ 1017 GeV at 3σ limit which is very close to the so-called
”Planck window”.
In Table 1 the case of h+(E) and n = 2 is not included. Due to some
artefact in the parametrisation this case contains both upper and lower limits
on the energy scale E. We have discarded this case as it suggests we now live
in a Lorentz violating era. Hence we deem it unphysical and do not consider
it further.
14
h−(E) =
√
1− E
EPl
n = 1 : 0.0033 (1σ), 0.0076 (2σ), 0.0121 (3σ)
n = 2 : 0.0067 (1σ), 0.0152 (2σ), 0.0243 (3σ)
h+(E) =
√
1 +
(
E
EPl
)4
n = 1 : 0.0068 (1σ), 0.0154 (2σ), 0.0262 (3σ)
Table 1: 1, 2, and 3σ constraints on the ratio (E/EPl) for linear and quadratic Lorentz
violation (n = 1, 2) for the scaling function h−(E). For h+(E), only the case n = 1 is
included.
At this stage it is very important to note that this is not the ”energy of
spacetime”, but rather the energy scale of a probe particle travelling through
spacetime and feeling a metric determined by its energy. This statement takes
a central role in [8], where it is used to derive several modified cosmological
quantities. In this paper, we interpret the limits obtained as decoupling
limits, at which Lorentz violating effects become statistically significant. This
is even clearer for the three models were we only obtained upper limits. This
may be interpreted as a kind of arrival probability, and drops monotonically
with energy. In analogy with the GZK cutoff, for example, we find this
behaviour reasonable [61, 62, 63].
4.3. Comparison with the ΛCDM model
In our model, the decoupling energy scale from Lorentz violating effects
leaves an imprint on the equations of cosmological evolution. As expected,
this results in a different cosmological evolution compared to that of the
ΛCDM. In order to quantify this difference, we notice that it is possible to
write Eq. (17) in the following form:(
a˙
a
)2
=
8piG0
3
ρc
[
Ω′m
(a0
a
)3
+ Ω′rad
(a0
a
)4
+ Ω′Λ + Ω
′
k
(a0
a
)2]
, (54)
i.e. the standard form of the Friedmann equation. Here, the primed quanti-
ties are defined as (compare (25) and (26)):
Ω′m =
h2±(E)
f 21 (E)
Ωm, Ω
′
Λ =
h2±(E)
f 21 (E)
ΩΛ, Ω
′
k =
1
f 21 (E)
Ωk, Ω
′
rad =
h2±(E)
f 21 (E)
Ωrad.
(55)
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Besides, it is easy to notice from (55) that
Ω′m
Ωm
=
Ω′Λ
ΩΛ
=
Ω′rad
Ωrad
, (56)
and also that
Ωm + Ωrad + Ωk + ΩΛ =
h2±
f 21
; Ω′m + Ω
′
rad + Ω
′
k + Ω
′
Λ = 1. (57)
As our analysis has provided bounds and estimates on the energy scale
ELV as well as the energy densities ΩX , it is now a simple task to compare the
primed and unprimed quantities. We present here the results for the model
h−(E) =
√
1− E/EPl with n = 1. In Figure 2 one sees the histograms for
the matter and dark energy densities, both primed and unprimed. From Fig-
ure 2 we can see that when rearranged to the standard Friedmann form, the
primed quantities diminish in comparison to the unprimed ones. This was
to be expected, as the ratio h2±(E)/f
2
1 (E) is consistently less than unity (in
this model). As such, the imprint of the rainbow and scaling function on cos-
mological evolution can be thought of as mimicking dark energy in the sense
that there is a weaker repulsion (Ω′Λ < ΩΛ) accompanying weaker attraction
(Ω′m < Ωm) giving a net effect of a stronger global repulsion (acceleration). It
is important to note that because of how the numerical analysis was carried
out, the normalisation of primed and unprimed quantities are different.
5. Discussion and Conclusions
In this paper we have studied Lorentz symmetry violating scenarios which
are predicted in the high-energy regime of some theories of quantum grav-
ity. We have shown that it is possible to realise such scenarios within the
framework of Rainbow Gravity due to modification of the dispersion relation
by introducing new functions of particle energy f1(E) and f2(E). We have
studied such a theory in the cosmological context assuming additionally the
energy-dependence of the gravitational constant G(E) and the cosmological
constant Λ(E) which change according to the scaling function h±(E).
We have shown that it is possible to consistently express the low-energy
limit of Lorentz violating theories within the framework of Gravity’s Rain-
bow, when only one of the rainbow functions is non-trivial. We have proven
that the Rainbow function f1(E) and the scaling functions h±(E) influence
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Figure 2: One and two dimensional projections of the posterior probability distributions
for linear Lorentz violation (n = 1) and h−(E) =
√
1− E/EPl. Ωm and ΩΛ (with-
out primes) correspond to the energy densities in Eq. (17), whereas Ω′m and Ω
′
Λ (with
primes) are the rescaled quantities in Eq. (54). The histograms show the one dimensional
marginalised distributions for the parameters independently, and the scatter plot shows
the two dimensional parameter space.
the evolution of the cosmological scale factor in the Friedmann equation. Our
main point was to carry out a Markov-Chain Monte Carlo analysis in order to
compare our theory with observational data such as: Hubble + Supernovae
Type Ia + Baryon Acoustic Oscillations (Baryon Oscillation Spectroscopic
Survey+Lyman α) + Cosmic Microwave Background. Due to this we were
able to constrain model parameters and in particular the energy scale ELV
to be of the order of 1016 GeV at 1σ which is a Grand Unified Theory (GUT)
energy scale up to 1017 GeV at 3σ.
We suggest the interpretation of this energy as a Lorentz invariance de-
coupling scale since it is much higher than any observed particle energy. Just
as the decoupling of the Cosmic Microwave Background in the early universe
occurs at the recombination energy, the energy ELV may be interpreted as a
decoupling energy from spacetime Lorentz violating effects. In the quantum
17
foam picture, this occurs when the energy of a massless particle is too low
to interact with the nontrivial spacetime, statistically. It may still happen
through other mechanisms [40] and there are some possible observational
signals of this (see for example [41]).
We argue that the energy ELV should be viewed as the energy at which
massless particles are decoupled from nontrivial background effects. This
cutoff energy is generally assumed to be around the Planck energy, which this
study indeed verifies. Moreover, the nontrivial structure of the quantum foam
is expected to implicitly break Lorentz invariance, which can be modelled
phenomenologically with a modified dispersion relation. This also fits well
with our notion of ELV , and as our assumptions on the structure of the
function f(E) stems from low-energy quantum gravity, our framework may
be used for general quantum gravity phenomenology. It may be noted that
our results are in agreement with some of the limits obtained in [64]. It is also
worth noting the behavior of Lorentz invariance hinted at in this paper is not
a new idea; the notion of Lorentz symmetry being an emergent symmetry is
a key ingredient of Horˇava Gravity [65, 66], for example.
Several previous papers have investigated various aspects of the phe-
nomenology of Rainbow Gravity (see for example [67, 68, 69, 70]). As a
much expected consequence of quantum gravity the effects of Lorentz Vio-
lation should also be investigated. Probing the behavior of symmetries at
high energies is important in order to understand the limits of the current
theories and to gain insight into what may lie beyond. Lorentz symmetry is
one of those symmetries. However, as a fundamental ingredient of modern
physics, it deserves thorough scrutiny.
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